We re-assess constraints from flavour-changing neutral currents in the kaon system on supersymmetric scenarios with a light gluino, two heavy generations of squarks and a lighter third generation. We compute for the first time limits in scenarios with three heavy squark families, taking into account QCD corrections at the next-to-leading order. We compare our limits with those in the case of two heavy families. We use the mass insertion approximation and consider contributions from gluino exchange to constrain the mixing between the first and second squark generation. While it is not possible to perform a general analysis, we assess the relevance of each kind of flavour-and CP-violating parameters. We also provide ready to use magic numbers for the computation of the Wilson coefficients at 2 GeV for these scenarios. 
Introduction
The initial searches for supersymmetric particles at the LHC indicate that minimal supersymmetric scenarios where all supersymmetric particles have similar masses below a TeV are not realized in nature. This, in addition to stringent bounds from supersymmetric contributions to flavour-changing neutral currents (FCNC), makes scenarios where some supersymmetric particles are significantly heavier than others more appealing, although these scenarios have been studied already for over a decade. With this motivation in mind and following the work in [1] , we re-assess limits from FCNC in scenarios with two or three heavy families of squarks (mq ≤ 10 TeV), while keeping the gluino mass below 2 TeV. Studies of the QCD corrections in such setups, in particular for two heavy families, were performed in [2] , [3] and [4, 5, 6] . The first work considered leading-order (LO) QCD corrections and used the vacuum insertion approximation (VIA) for the hadronic matrix elements. The second one calculated next-to-LO (NLO) corrections and took into account lattice results for the bag parameters appearing in the matrix elements. More recently, [4, 6] discussed specific patterns of family symmetry breaking with hierarchical squarks. Besides, [4] pointed out the need for a careful treatment of certain box diagrams in some cases, which was studied in more detail in [5] .
The most dangerous supersymmetric contributions to FCNC often occur in the kaon sector, in particular contributions to ∆m K and the CP violation parameter ǫ. Our motivations for revisiting the corresponding limits are (i) significant progress in the determination of the experimental values and theoretical expectations in the Standard Model (SM) since the publication of [3] , (ii) the availability of NLO matching conditions [7, 8] , and (iii) the need for an NLO calculation of the QCD corrections in the case of three heavy squark generations.
We proceed as follows: in section 2, we summarize, for the sake of clarity, the way NLO QCD corrections are addressed for ∆S = 2 processes involving light gluinos and heavy scalars. We provide formulas that can be used to compute easily the renormalization group (RG) evolution of the Wilson coefficients relevant for ∆S = 2 processes, both for the case of two heavy squark generations and for the case of three heavy families. We compare our results with the literature, finding that in some cases a change of basis was missing in earlier work.
In section 3, we re-assess limits from ∆m K on the mass mq of the heavy families of down-type squarks, restricting ourselves to the contribution from gluino exchange. We consider four different combinations of non-zero flavour-violating parameters in the mass insertion (MI) approximation, defined in Eq. (25) . A complete supersymmetric model of flavour should include a structure determining the form of Yukawa couplings, sfermion mass matrices and trilinear couplings, including their off-diagonal terms. Since this is very model-dependent, it is not possible to perform a general analysis of the limits on flavour-violating parameters. However, one can assess the relevance of each of them, or of combinations that appear naturally, such as the ansätze of Eq. (25) . In section 3, we also comment on the difference between the scenarios with three and two families of heavy scalars. Finally, we determine bounds from ∆m K and ǫ on the real and imaginary parts of flavour-violating parameters for given values of mq and the mass of the gluino, mg.
2 QCD corrections for heavy squarks and a light gluino
Renormalization group evolution of the Wilson coefficients
The effective Hamiltonian for ∆S = 2 transitions can be written as
where the operators O i are
and P L,R are chirality projection operators, α, β are color indices,
The RG evolution of the Wilson coefficients from a high-energy scale M to a lower energy µ is determined by the 5 × 5 evolution matrix
where C represents a column vector with the 5 components C i . We denote row vectors with an arrow, such as the row vector O built up by the components O i . At LO and NLO, respectively, W [µ, M] can be expressed as [9] 
where N c = 3 is the number of colors andñ f equals the number of active fermion flavors, n f , at energies below the gluino mass, mg. At higher energies,
where nq is the number of light squarks with a mass similar to mg [3] . The 5 × 5 matrices J were calculated in [9] . They depend on the renormalization scheme. We use the LRI scheme because it is also used in the lattice determination of the low-energy matrix elements. The one-loop anomalous dimension matrix (ADM), γ (0) , is schemeindependent. It depends only on N c and is a 5 × 5 matrix, since the five operators O i entering the Hamiltonian (1) do not mix with others [10] during the evolution down to low energies.
In [9] , the ADMs and J are given in the Fierz basis of operators O + i , defined by
Then we can define a matrix V to transform between the basis of the operators O i and the one of the operators O
We will denote all evolution matrices in the Fierz basis with a tilde instead of a hat,
In the scenario under consideration, the RG evolution of the Wilson coefficients starts at the mass scale of the heavy squarks, M = mq, and ends at µ = 2 GeV, where the matrix elements of the ∆S = 2 operators are calculated. Along the way, the gluinos Figure 1 : Energy thresholds, evolution matrices and J(ñ f ) involved in the RG evolution of the Wilson coefficients. In the energy range between mg and mq, J(10) and J(9) refer to the case of 2 and 3 heavy squark generations, respectively. In W 4 we take µ = 2 GeV.
and heavy quarks have to be integrated out at their mass scales. In the case of two heavy squark generations, we assume the lighter squarks to have the same mass as the gluino.
1 The corresponding mass scales are depicted in Fig. 1 . The figure also shows the matrices governing the evolution between the scales. The NLO evolution from mq down to µ yields
The LO evolution is analogous, with the replacement W → U . The subscript "NLO" reflects the fact that we have to truncate the expansion of the product of evolution matrices such that it contains only terms up to O(α s ) [11] . Explicitly, 
where
and the magic numbers 
rather than Eqs. (11) . This approach is useful because for a given model, with three or two heavy families of squarks, we have to calculate only η 6 and ηg. Together with the magic numbers, Eq. (13) then immediately yields the values of the Wilson coefficients at µ = 2 GeV.
Evolution between squark and gluino mass scales
Due to the hierarchy between gluino and squark masses, integrating out all superparticles at the same scale would produce large logarithms. Therefore, we proceed in two steps, first integrating out the heavy squark generations at mq [2, 3] and then the gluinos and light squarks at mg. The LO matching at mq is visualized in Fig. 2 . In the full theory, FCNC in the neutral kaon system stem from the ∆S = 2 box diagram (I), where the scalar lines represent squark mass eigenstates. Using the MI approximation, we work with flavour eigenstates and flavour-changing mass insertions, represented by dashed lines and crosses in diagrams (IIa,b), and consider only diagram (IIa). This diagram contains onlyd and s squarks. For non-vanishing mixing between the first two and the third generation,b squarks appear in box diagrams with at least three MI, i.e., in diagram (IIb) and higher orders. Such contributions can be important, in particular for a lightb. As we aim to constrain the mixing between the first and the second squark generation, we consider vanishing mixing with the third generation. Then the considered approximation is justified, and theb does not contribute to the matching. Consequently, even in the case of light third-genaration squarks, there are no contributions from diagrams involving one heavy and one light squark, which require a special treatment [4, 5] . In the effective theory below mq but above mg, diagrams (IIIa) and (IIIb) of q and thus negligible [2] . Altogether, the final LO matching condition is (IIa)=(IIIa). At NLO, one has to consider diagrams with one more loop as well, which can be found in [7] . The resulting expressions for the gluino contributions to the Wilson coefficients at high energy, Cg i (mq), are given in Appendix A of [7] in terms of the MI parameters (δ d XY ) 12 .
2 They are the same in both cases for the squark masses we consider.
The high-scale Wilson coefficients contain the strong coupling and gluino mass at mq. Therefore, we have to run these quantities up to this scale, using the MS (NDR) scheme as appropriate for the effective theory below mq. We use the gluino pole mass mg as input parameter. We transform to the running mass M 3 (mg), taking into account oneloop corrections [12] involving gluinos and (if applicable) one generation of squarks with mass mg,
2 We define (δ
, where X, Y ∈ {L, R} and where one has to use the soft mass squared matrices in the super-CKM basis, where Yukawa couplings are diagonal. The corresponding expressions in the general case (without resorting to the MI approximation) are given in [8] .
In the case of three heavy generations of squarks, we run using the β functions of Eq. (27) . For two heavy generations, the situation is more involved because the β functions for α s and M 3 depend on the gluino-squark-quark coupling, which differs from the gauge coupling in MS. The corresponding β functions and details of the calculation are given in the appendix, Eqs. (28) and below. As [7] provides the results in the DRED (DR) scheme, we have to convert α s and M 3 to this scheme at mq, using
After performing the NLO matching, we compute the Wilson coefficients C(mq) in the RI scheme, using the translation matrix ∆r DRED/RI given in Eq. (4.8) of [7] . Then we run these Wilson coefficients to 2 GeV.
We stress that in the RI scheme it is not necessary to identify explicitly the effervescent operators in the intermediate steps before taking the limit d → 4. When the limit d → 4 is taken, the RI scheme guarantees that the expressions for the five physical operators O i contain all possible contributions, including those given by the effervescent operators, without the need to identify them [7] . 3 From mq down to mg, gluinos and (if present) light squarks influence the RG evolution of the Wilson coefficients by changing the running of α s and the two-loop ADM of the ∆S = 2 operators. The impact on the ADM stems only from loops with gluinos and light squarks in the gluon propagator. Consequently, it can be taken into account by using J(n f ) of [9] , where only loops with fermions and gluons were considered, and replacing n f byñ f [3] , as mentioned above. Explicitly,ñ f = 9 if all squarks are heavy. If only two squark generations are heavy, nq = 4 squarks are light and thusñ f = 10. Using these considerations and the appropriate formulas from the previous subsection, we calculated the magic numbers determining the NLO QCD corrections in both cases. We list them in Appendix C. Our results differ from those of [3] . As the disagreement in the magic numbers d, e and f vanishes for two heavy squark generations if we set V = ½, we conclude that [3] did not take into account the change of basis (7).
After the gluino and possible light squarks decouple at mg, the system behaves as in [9, 10, 11] . Therefore, the magic numbers b and c should equal those given in [10] , up to a different ordering of the components r and small differences due to changes in the experimental input parameters. We find larger differences than expected for some of the magic numbers. The main reason seems to be that O(α 3 Limits on flavour-and CP-violating parameters from ∆m K and ǫ
Limits from ∆m K
In order to set a limit on the supersymmetric contribution to ∆m K , we write
where ∆m T K represents the total theoretical value of ∆m K , while ∆m SM K and ∆mg K , respectively, represent the SM and the supersymmetric contributions due tog-q diagrams. Even in the SM, precise computations of ∆m SM K are not possible due to unknown longdistance contributions [13] . Hence, the best one can do is to compare the best estimate obtained from the short-distance contributions [14] , denoted by ∆m
where all quoted errors correspond to the 1 σ C.L. ∆m SD K was obtained by taking into account NNLO contributions from the charm quark. We can see that its central value already accounts for 86 % of the experimental central value, but its uncertainty can easily account for the reported experimental value within the 1 σ C.L. Given the lack of information on long-distance contributions, the best we can do to extract limits in extensions of the SM is to use ∆m exp K − ∆m SD K as a constraint on the order of magnitude of ∆mg K . In short, it cannot exceed 10 −15 GeV, but lower limits based on whether or not ∆m SD K + ∆mg K can actually be as large as the experimental value cannot be obtained. Furthermore, in some cases the importance of NLO corrections cannot be really appreciated because the differences between LO and NLO lie in the range of some units of 10 −15 GeV. Therefore, we have to be cautious when using this for setting bounds in models for physics beyond the SM. As in the case of ǫ ′ , there are many models that can pretty easily yield a change of ∆m K by some units of 10 −15 GeV, so meaningful constraints can indeed be obtained. However, we have to include a generous consideration of all the possible uncertainties in the calculation of ∆m
The form of this theoretical expression at the known perturbative QCD level can be found in [14] . For the gluino contribution, we have
The Wilson coefficients at µ = 2 GeV are determined by Eq. (13) . The matrix elements of the operators are [10]
These expressions differ by a factor of 1 8M K from the corresponding ones in the lattice study [15] , whose results for the bag parameters B i we use. A factor 1 4 stems from a different definition of the operators and a factor 1 2M K from the normalization of the kaon states. 4 The definition (19) ensures that the numerical values of the bag parameters are the same in both conventions. The VIA corresponds to
In Appendix A we give the values of the experimental and the lattice parameters we use.
With the above points in mind, once we have the value of ∆m SD K , its uncertainty, that we call σ ∆m SD K , the experimental value and its uncertainty, σ ∆m exp K , we can set a limit on the supersymmetric contribution, ∆mg K , using 
Limits from ǫ
As is also well-known, we can extract limits on the imaginary parts of some combinations of the parameters (δ d XY ) 12 using the CP-violating parameter ǫ. Currently, its experimental and SM [14] values are, respectively, |ǫ| = (2.228 ± 0.011) × 10 −3 ,
The gluino contribution is
with H ∆S=2 g as given in Eq. (18) and a correction factor κ ǫ [17] . We use the same value κ ǫ = 0.923 [18] as [14] . The limits are obtained using a condition analogous to Eq. (21), with the obvious replacements, yielding
Scenarios considered
As mentioned, we consider two scenarios for the sfermion mass spectrum. The first is Effective SUSY [19] , where two generations of squarks remain heavy, while the other decouples at a lower scale, together with the gluino. The second is a scenario where all three families of squarks are considerably heavier than the gluino, which occurs, for example, in the G 2 -MSSM [20] . We compare for each of these scenarios limits on the squark masses from ∆m K in order to assess both the importance of the QCD corrections and the importance of the treatment described in section 2.2. Afterwards we extract limits on MI parameters for the scenario of three heavy families. A study for completely general values of the MI parameters is beyond the scope of this work, because even in our constrained scenario where only the first-and second-generation squarks mix, there are contributions from the four parameters (δ 12 , containing six different combinations. Instead, in order to assess the relevance of each kind of parameter, we consider four cases that appear often in models,
which also allows us to compare directly to [3] . . The blue continuous line corresponds to the NLO evolution, the medium-dashed (red) line corresponds to the LO approximation, the dotted (orange) line corresponds to the LO evolution using the VIA for the bag parameters and the dot-dashed (light blue) line to the results without QCD corrections. We have indicated the labels just for case I, but for the rest of the cases the coding is the same. For comparison, we have additionally plotted a long-dashed black line which represents the NLO evolution for the case where only two squark families are heavy.
Numerical results
Limits on the squark masses In Fig. 3 , we present the lower limits on the heavy squark masses mq according to Eq. (21) as a function of the mass of the gluino mg, for a fixed value of the flavour parameter K = 0.22. The plots in Fig. 3 serve mainly (i) for comparison to Figs. 1 and 2 of [3] 5 , (ii) to re-assess the importance of the NLO QCD corrections and (iii) to understand the difference between the scenarios with two and three heavy families of squarks.
We can see that the latter difference is not significant. In principle, this justifies using the QCD corrections of [3] also for scenarios with three heavy squark families, as done in [1] as a first approximation. However, as mentioned above, a change of basis was missing in [3] . Therefore, the limits shown in Fig. 3 are different from those in [3] . Nevertheless, the qualitative behavior and order of magnitude of the limits are the same. Regarding the QCD corrections, each step of improving the accuracy (considering LO QCD corrections with VIA, including lattice bag parameters and finally taking into account NLO QCD corrections) can have a drastic effect. Only case II may be considered an exception, since here some of the corrections happen to cancel partially. We can also see that NLO QCD corrections, as opposed to just LO corrections, are indeed relevant, especially for cases III and IV.
We note that using different values of K can lower or raise considerably the limit on mq. For example, for case III and K = 0.1, the limit becomes roughly mq > 29 TeV [21] , as opposed to mq > 62 TeV for K = 0.22, for mg = 900 GeV.
Limits on MI parameters from ∆m K Having found only small differences between the cases with two and three heavy squark families, we will restrict ourselves to the latter scenario in the following. In Fig. 4 we present curves for fixed values of mq, plotting mg against the upper limits on |Re((δ 12 are non-zero. For cases when only the real part of one parameter is allowed to be non-zero and for gluino masses above 900 GeV, the limit is typically of order 10 −1 and never below 0.02. Of course, the lower mq, the lower the limit. For the cases where either |Re((δ | is not zero, the limits decrease to O(10 −3 ). If two MI parameters are non-zero, the corresponding limit is of order 10 −3 or less, and always smaller than for only one non-vanishing parameter. Again, the lower the mass mq, the lower the limits. 12 )| are not zero. The different curves correspond, from bottom to top, to mq = 4, . . . , 10 TeV, except for case IV, where we plot only from mq = 6 TeV up to mq = 10 TeV.
Scenarios with mixing of the third generation
We have considered a scenario where the squarks of the first and second generation do not mix with those of the third generation. In this case it is sufficient to consider diagrams with at most two MI. If there is mixing with the third-generation squarks, diagrams with three or four MI can give relevant contributions, especially in the scenario with a light third generation. For example, diagrams of the type (IIb) in Fig. 2 yield a contribution proportional to (δ 23 . However, if the third generation is light, these diagrams involve two very different squark mass scales. Already at the LO all momenta between these scales enter, requiring a more complicated treatment of the evolution from mq to mg [4, 5] . Taking into account these subtleties, bounds on the heavy squark masses were derived in a scenario with effective Minimal Flavour Violation and mixing between all squark families in [4] . Scenarios constrained by a family symmetry like the one of [22] allow for mixing with the third squark generation but forbid mixing between the first and the second generation. Thus, they again avoid the complications due to diagrams containing both heavy and light squarks and allow to derive limits on the MI parameters (δ 12 . Such constraints were calculated for the case of a light third generation in [6] , confirming that even after taking into account additional observables from B physics, ǫ still yields the most severe constraints on some parameters.
So far, no constraints are available on scenarios with three heavy squark generations and simultaneous mixing between all three families.
Conclusions
Supersymmetric scenarios involving light gluinos and heavy squarks have lately regained a considerable amount of attention, since they may be a way to realize supersymmetry in agreement with the LHC exclusion limits and with an acceptable amount of tuning. As it is also well-known, in such scenarios dangerous FCNC can occur especially in the kaon sector. In an earlier work [1] , we considered a case with three heavy families of squarks with similar masses above 20 TeV. In order to estimate the gluino contributions to ∆m K and the CP-violating parameter ǫ, we used the evolution of Wilson coefficients from reference [3] , where a scenario with two heavy families of squarks and a lighter third family with a mass comparable to that of the gluino was considered. In order to quantify precisely the accuracy of this estimate, we have reviewed the way NLO QCD corrections are addressed in supersymmetric scenarios involving heavy squarks and light gluinos. We have calculated the renormalization group evolution of the Wilson coefficients of the ∆S = 2 operators at NLO for scenarios with two and three heavy squark families. This is codified in Eq. (13) .
The SM determinations of ∆m K and ǫ have improved significantly over the last decade. Together with important improvements on the lattice QCD bag parameters entering the effective Hamiltonian of the ∆S = 2 transitions, this proves relevant for re-assessing the limits on supersymmetric scenarios contributing to ∆m K and ǫ. This was the second motivation for this work.
We have then determined the lower limits on the mass of the heavy squarks, mq, coming from ∆m K , using the MI approximation with a value of |Re((δ For two heavy families of squarks, the limits are a few TeV larger than for three heavy families. We conclude that when the gluino contribution to ∆m K is close to its upper limit, it changes only by a few percent if the mass of the third-generation squarks varies between mg and mq.
We have also noticed that indeed the NLO QCD evolution, as opposed to just the LO evolution, proves relevant, especially for cases where there is more than one type of flavour-violating parameter (δ 
A Experimental information
Values of experimental and lattice QCD parameters not given in the main part are listed in Tab. 1. We are aware that there have recently been some improvements in the determination of B K [23, 24, 25, 26, 27, 28] , which have been averaged to a value of 0.7643 ± 0.0097 [29] . Adopting this average would change the values of the SM predictions for ∆m K and ǫ obtained in [14] , but we have checked that the impact on our results is negligible, since the limits are mainly determined by σ ∆m K and σ ǫ .
We use the values of the bag parameters B i given by the ETM collaboration [15] because they provide the results in the RI scheme at 2 GeV. The RBC and UKQCD collaborations recently also reported new computations of the relevant matrix elements [30] , which are in good agreement with the ETM calculations. Thus, we estimate that employing the results of [30] [31] in the MS scheme.
B Beta functions
The two-loop β functions
for the strong gauge coupling and the gluino mass for the case of three heavy squark families are equal to those of the Split SUSY scenario. In the limit of pure QCD, they read [33] 
For the case of one family of light sfermions and two heavy ones, we took the QCD limit of the two-loop β functions of the Effective SUSY scenario [33] . Due to the breaking of SUSY in the effective theory below mq, the gluino-squark-quark couplings and the squark quartic couplings are no longer given by the gauge coupling. In principle, these couplings are also different for different squarks. However, as we consider only QCD, there is a single gluino-squark-quark couplingĝ s and a single quartic coupling γ s , which are related to the gauge coupling at mq by Eqs. (29) . The β functions relevant for our calculation are 
